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ABSTRACT

In the context of our fast-paced ldiocustomer impatience in queuing systems is a reality. In
this paper, we analyze a queuing system with Erlanggavice discipline assuming that customers may

renege. Analysis in steady state is presented. Relevdatrpance measures have been discussed.
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INTRODUCTION

In the analysis of queues, queuing thisohave model various queuing systems based on
their characteristics. Of these various characterjstiog relates to the impatient nature of customer
behavior also known as reneging. The phenomenon of custonréngjaiqueuing system and leaving it
without service completion is known as reneging. In our modastifaced life, customers are hard
pressed for time and hence in our day-to-day life reneginge observed. In spite of the importance of

reneging, one does not very often come across papers imgigerature, which analyzes it.

Reneging can be of two types-viz. renegihbedinning of service (henceforth referred to as
R_BOS) and reneging till end of service (henceforth refeto as R_EQOS). A customer can renege only
as long as it is in the queue and we call this as renegitygpe R_BOS. It cannot renege once it begins
receiving service. A common example is the barbershop. formas can renege while he is waiting in
gueue. However once service get started i.e. hair cut belgsnsustomer cannot leave till hair cutting is
over. On the other hand, if customers can renege not only whiting in queue but also while receiving
service, we call such behavior as reneging of type@S.EAn example is processing or merchandising

of perishable goods.

In this paper, we analyze customeratiepce in M/E/1/1 model. The model assumes that
customers arriving into the queuing system follow Markoviaw with raté.. We also assume single-
channel Erlangian service time with rate. lhaving k-service stages. We shall further assume that the
system capacity is restricted to 1 customer. Sincaudlhaber of servers is equal to the system capacity, a
customer arriving at it either goes straight into theiseror is turned away without service (as there is
no waiting space) if the server is busy. As waiting isalloiwed, balking is not possible in this model.

As regards reneging, it is obvious that the renegingirutBe queuing model can only be of R_EOS
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type. We assume that each customer individually has patirre@eging distribution following exy)

in each stage which commences at the instant the cusfoimethe particular stage. To the best of our
knowledge, analysis of reneging in this specific model hasbeenh attempted though some general
results for Erlangian service time model can be locatdierature. Broadly speaking, very little work
analyzing reneging in Erlangian service time models apipehave been done. Shawky (2005) derived
the analytical solution of MHEL/K/N for machine interference system with balking ameteging
considering FIFO. Some measures of effectiveness and spstial cases were obtained. EI-Paoumy
and Ismail (2009) considered an*/E/1/N model with balking and reneging. Recurrence ratatio
connecting the various probabilities introduced were cakedladome measures of effectiveness were
deducted and some special cases were also obtained. In bb#sefpapers, closed form expressions of

performance measures were not available. This formed dkigation of our work.

The subsequent sections of this papestaretured as follows. Section 2 contains the steady
state analysis. In section 3, we discuss some releparformance measures with closed form
expressions. Concluding statements are presented in séction

THE SYSTEM STATES ANALYSIS

Let g{t) denote the probability that there are ‘n’ phases irsjis¢em at time ‘t" under R_EOS.

Then we can have 0 phase at timattin the following mutually exclusive ways:

1) 0 phase at time ‘t’, no arrival, no service and no custonaaiirlg the system during net.
The probability is

Po(t){1- AAt+ O(At)} (2.1)

2) 1 phase at time ‘t’, no arrival, one ga@nand no customer leaving the system during Aext
and another possibility is 1 phase at time ‘t’, no arrivalservice and one customer leaving the system
during nextAt . Thus the probability is

PO kAt + O(ADH 1- VAL + O(AL)} + p,(t)]{1- kuAt + O(ADK VAL + O(AL)}

= p,(t){ kuAt + vAt + O(At)} 2.2)

3) 2 phases at time ‘t’, no arrival, novgar and one customer leaving the system during Aext
The probability is

= p,(t){1- kuAt + O(At)H vAt + O(At)} 23
= p,(){vAt +0(AL)} 23
And so on. Similarly,

4) k phases at time ‘t’, no arrival, no service and onéoowsr leaving the system during nesit.
The probability is

P (1){1- kuAt + O(AH vAt + O(At)}
p (){vAt + O(At)} (2.4)
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From (2.1), (2.2), (2.3) and (2.4) we have,
Po(t +A4) = py(t){1—AA +O(AN)} + p(t){ket +AL +O(A} + p ) {keAt +1A +O(AD} +...+
P O{ket +1t +0(AD} )
= Py (t+A4) — Py (1) =—AAty (1) +ketp () +v)_p OA)
Now dividing both sides of this equation hyand taking limitAt—0, we get
P ()= ~APo() + ki, (0 +1). P, (0 29

i=1
There can be n phases where 0<n<k2nz=]k-1 at time tAt in the following mutually

exclusive ways.
1) There are n phases at time't’; there is no arrivalserwice and no customer leaving the system

during nextAt. The probability is

p,(){1- kuAt + O(At)H{ 1- VAt + O(At)}
= p,(t){1- kAt — A(L- p)At + O(At)H{ 1—- VAt + O(At)} (2.6)

= p,(t){1-vAt — kuAt + O(At)}

2) There are (n+1) phases at time't’, no arrival, one seraitd no customer leaving the system

during nextAt. The probability is

Po.a( ) kAt + O(AtK 1 - VAt + O(A))
= p..,(O{ kuAt + O(A)H 1- VAt + O(At)} 2.7)
= Pra(t{ kudt + 0(At)}

From (2.6) and (2.7) we have,
P (t + At) = p,(1){1- VAL = kuAt + O(At)} +{kuAt + O(At)} p,, (t)
= p,(t+At) - p,(t) = ~{v + ku}Atp, (1) + kuAtp, , (t) + O(At)

Dividing both sides of this equation by and taking limitAt—0, we get
(2.8)

P, (1) =~V + ki p, (1) + kip,., (1) O<n<k, n=L.2,...

There can be k phases at timattin the following mutually exclusive ways.
1) There are 0 phase at time't’; one arrival, no servicerandustomer leaving the system during next

At. The probability is
py(t).{AAt +O(At)} 2.9)
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2) There are k phases at time't’, no arrival, no sergice no customer leaving the system during next
At. The probability is

P (t){1-kuAt+ O0(At){ 1-vAt+ 0(At)}

= p, (1){1- kuAt - VAL + O(AL)} (2.10)
From (2.9) and (2.10) we have,
p, (t + At) = p,(t){AAt + O(At)} + p, (t){1- VAt - kuAt + O(At)}
= P (t+At) = p(t) = Ap, (t) —{v + ku}Atp, (t) + O(At)
Dividing both sides of this equation by and taking limitAt—0, we get
P (1) =Apo (t) —{v + ke p, (1) (2.11)
Under steady state, the differential equations (2258) @nd (2.11) become
k
=kup, +v) p, 12)
i=1
(v + ku)p, = kup,,.;in=1,2,... k-1 (2.13)
(v + ku)p, = Ap, (2.14)
From (2.12) we have
K
p, = W ku)(Ap, v, b 2.15)
i=1

Now multiplying both sides of the equation (2.13) and (214§ and summing over the relevant range

ofn

v+ k,U)Z p.z" = (ku/z)Z Praz"™ + Ap,z"
= (v + k#){ P(2) - po} = (ku/Z){P(Z) ~ Py~ P2+ Ap, 2"
= {(v + ku) = (k! 2)}P(2) ={v + ku = (k! 2)} p, + Ap,z* — kuup,
= P(2) =[{Az(z" - 1) + ku(z-1)} p, +vA {2(v + kyt) — ku}

Using (2.15) Then,
P'(1) ={(A + i)kp, — kid}/v (2.16)

From (2.12), (2.13) and (2.14) we can determine the probatiilit there are ‘n’ phases in the system

and it is given by
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A(kp) <
where
k A(kﬂ)k_n 1
=1+ ——— 2.17
& [ 2+ e

PERFORMANCE MEASURES

In general, “performance measuresthe specific representation of a capacity, process or
outcome deemed relevant to the assessment of performatieh are quantifiable and can be
documented” (www.iphionline.org). The main objective of @jueuing study is to assess some well-
defined parameters, which are designed at striking a gatahce between customer satisfaction and
economic considerations. In queuing theory, measuresgihnohich the nature of the quality of service
can be studied are known as performance measures. Perfermaasures are important as the analysis
of relevant performance measures of queuing models allowsatise of queuing issues to be identified
and the impact of proposed system changes to be ass8seseel.of the performance measures of any
gueuing system that are of general interest for the atratuof the performance of an existing queuing
system and to design a new system in terms of the &fvatrvice a customer receives as well as the

proper utilization of the service facilities include meaesserver utilization, customer loss and the like.

An important measure is the mean nurobeustomers in the system, which is traditionally
denoted by ‘L’. From (2.16), the mean system size is giyen

L={(A+pu)kp, — ku} /v

Customers arrive into the system at the rate éfowever all the customers who arrive do not
join the system because of finite buffer restriction. Efiective arrival rate into the system is thus

different from the overall arrival rate and is given by

k-1
A =2 p,
n=0
=11 -p,) (3.1)
where
P, = mpo ‘W is givenin (2.17)

We have assumed that each customea resdom patience time following exp.(Clearly
then, the reneging rate of the system would depend on teeotidne system. The average reneging rate
(avg rr) is given by
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k
Avg rr = v
g nZ:l P (3.2)
=V (1 - po)
In system management, customers whegeemepresent business lost. It is therefore of

interest to determine the proportion of customers lost, bdtbfdhese joining the system as well as out

of those arriving into the system. These are given below

Proportion of customer lost due to ging out of those arriving and joining the system is

=Avgrr /A°

=v(L-py)/AQ- p,)
={(v + k)1 = po)} I(v + ku = Ap,)

Proportion of customer lost due to gémg out of total customers arriving in the system is

Avgrr /A
v(@a- po)//‘

In totality, customers are lost to thetem in two ways, due to finite buffer and due to

reneging. The management would like to know the proportiontaf ¢castomers lost in order to have an

idea of total business lost. Hence the mean rate ahvaistomers are lost is

Rate of loss due to finite buffer+ Avgrr
A - A% + Avgrr

= (A/v)A-po) * Py
(ATv ){1= (kup,) /(v + ki)

This rate helps in the determinationrapprtion of customers lost which is

={A-A°+avgrr}/ A

= @/ v){1- (kupo) (v + ku)
The proportion of customers completing service isdtaglement.
CONCLUSIONS

The analysis of queuing system with Erlangian service tand Markovian reneging with
finite buffer has been presented. Analysis in steady b&gebeen discussed. Even though reneging in
this model have been discussed by others, explicit claged éxpression of performance measures are
not available. This paper makes a contribution here. Thigations of this work stem from the fact that
the system capacity is restricted to one customer ondiengion of our results for system capacity

greater than one is a pointer to future research.
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